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We propose a new method for calculating the average (integral) temperature of homogeneous and compound
bodies of arbitrary shape under cooling (heating) — a zonal integral method. Its chief advantages — simplic-
ity, universality, and satisfactory exactness — have been demonstrated on known analytical solutions.

Keywords: thermal regimes, method for calculating the average (integral) temperature, body of arbitrary shape.

Introduction. The process of heat transfer in solid bodies in the absence of internal heat sources (sinks) is
described by the differential heat conduction equation whose general form in Cartesian coordinates is
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The conditions at the interface S between a solid body and a labile medium are written in many practically important
cases in the form of the Newton–Richman law
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 = α (tenv − t⏐S) . (2)

In the case of a compound body, at the contact boundary of its parts Σ equality conditions of temperatures and heat
flow on either size of this boundary (ideal contact conditions)
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are often taken. As initial conditions, the temperature distribution throughout the body

t⏐τ=0 = t0 (x, y, z) (4)

is given. As a result of the solution of this problem of nonstationary heat transfer (1)–(3), the temperature distribution
in the bulk of any instant of time, i.e.,

t = t (τ, x, y, z) (5)

is determined.
In the general case (arbitrary region and initial distributions, temperature-dependent parameters, medium an-

isotropy), finding a solution of (5) is a complicated problem.
Analytical solutions of problem (1), (2), (4) have been found only for simple homogeneous bodies (plate, cyl-

inder, and sphere) [1]. For compound bodies, such analytical solutions are known only in the limiting stationary case
(e.g., steady heat transfer through a multilayer flat or cylindrical or spherical wall).
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An attempt to solve the cooling (heating∗)) problem for bodies of arbitrary shape was realized in the theory
of a regular thermal regime [2] in which the thermal process is broken down into two stages: the initial stage (irregu-
lar regime) and the stage of regular conditions. For the stage of the regular regime, "the relations between the rate of
cooling, on the one hand, and the physical properties of the body, its shape, dimensions, and the cooling conditions,
on the other hand", have been determined [3]. As for the irregular regime, the author of the theory [2] was faced with
complicated mathematical problems (p. 147: "there is no need to speak of compound bodies — the case is apparently
hopeless," p. 148: "even an approximate estimate of the duration of the irregular regime on the basis of the theory is
impossible").

Thus, the theory of the regular thermal regime resolves the question on the direction of integral curves at the
stabilization stage of the thermal regime but does not say how they fall on the required integral curve.

In many practically important cases, it is not at all necessary to know the temperature distribution inside the
body (4), and it is enough to determine the average integral temperature t

_
 of the object of interest at any instant of

time. The heat flow rate can in turn be determined from the average temperature [1].
Calculation of the Average Temperature of a Homogeneous Body. Consider the process of cooling of a

body of arbitrary shape under the following assumptions simplifying the presentation of theoretical calculations of the
proposed approach: tenv = const; α = const; the geometry of the body is invariable, i.e., V and S are constant; ρ and
C are constant; inside the body neither phase transitions nor chemical reactions take place, i.e., phenomena followed
by heat release or absorption are absent.

Suppose that both before and after each next time step the state of the body attains thermodynamic equilib-
rium, i.e., its temperature is equal to its certain average value. Integrating (1) over the entire volume V and over time
from τ to τ + Δτ, and taking into account (2), we obtain
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By virtue of the finite rate of heat exchange inside the body, this change in the average temperature Δt
_
 in

time Δτ takes place not in the entire region of V but only in its part (zone) ΔV closest to the surface of contact with
the environment. This is the point of the proposed method. The average temperature t

_
 at each subsequent instant of

time τ + Δτ is defined as
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The average size of the zone, namely its average thickness h, can be defined as h = ΔV ⁄ S. To calculate it,
let us make use of the condition of equality of the thermal flows at the interface between the two media (2). Admit-
ting the hypothesis that the temperature change in a zone of thickness h is equal to the temperature difference between
the body and the environment, we get

h = 
λ
α

 . (7)

As is seen, in this case the thickness of the zone of heat penetration through the surface of the body depends on the
thermophysical property of the body (λ) and on the external conditions of heat exchange (α).

∗Hereinafter we will speak, for definiteness, of cooling, since heating differs from cooling only by the change of sign

in the enthalpy change (body temperature).
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Thus, from the known average temperature on the ith time layer (t
_
i) the average temperature of the body on

the next (i + 1) time layer is found by the formula
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Interestingly, in (9) the average temperature does not depend on the external conditions of heat exchange. This is ex-
plained by the fact that these external conditions influence separately both the temperature change (Δt

_
) in the zone and

the size of the zone itself (h). In so doing, as the heat exchange with the environment intensifies, Δt
_
 increases and the

zone thickness h, conversely, decreases. In what follows, for brevity, we will call the given approach to the calculation
of the average temperature of the body the zonal integral method (ZIM).

Analysis of the Proposed Method. Let us introduce the quantity ϑ
__

 = (t
_
 − t0) ⁄ (tenv − t0). Then (9) in dimen-

sionless variables will be written as
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where Fo = λτ ⁄ (ρcl2), ϑ
__

0 = 0.
From the similarity theory it is known that the solution of the boundary-value problem (1), (2), (4) depends

on both the Fourier number and the Biot number. But the solution by the proposed method ZIM (9) does not depend
on the Biot number. The field of application of the ZIM method by the Biot similarity number follows from the quite
natural statement that the temperature perturbation zone at each time step should not cover the whole of the body, i.e.,

ΔV < V. Hence h = ΔV ⁄ S < V ⁄ S or, in view of (7), λ ⁄ α < V ⁄ S or 
1
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λ
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1
l
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applicable for those problems for which the Biot number
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At τ → ∞ (i → ∞) the body tends to thermodynamic equilibrium, i.e., t
_
 → tenv or ϑi+1 → 1. For this purpose it is es-

sential that the second term in the last equality tends to zero. This is realized provided that ⏐b⏐ < 1. Hence we obtain
a restriction on the time step
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Evaluation of the ZIM Method. Let us demonstrate the potentialities of the ZIM method on the known ana-
lytical solutions of the heat transfer problems with boundary conditions of the third kind (1)–(3) [1], and, in so doing,
the first six (although there are calculations with 18) terms were taken into account, which provides a very high accu-
racy of the solution.

Unbounded plate of thickness 2δ. In this case, the relation entering into (10) is S ⁄ V = 1 ⁄ δ and l = δ. The
condition of (11) is Bi > 1. Figure 1a presents the dependence of the relative excess average (integral) temperature of
the plate on the Fourier number for various Biot numbers (analytical solution) and the dependence obtained by the
ZIM method.

Unbounded cylinder of radius R. Here S ⁄ V = 2 ⁄ R, l = R, Bi > 2. The solution is given in Fig. 1b.

Fig. 1. Relative excess average temperature of the plate (a), the cylinder (b),
and the sphere (c) as a function of the Fourier number: (a) 1) ZIM; 2) Bi = 2;
3) Bi = 5; 4) Bi = ∞; (b) 1) ZIM; 2) Bi = 2; 3) Bi = 5; 4) Bi = 11; 5) Bi =
∞; (c) 1) ZIM; 2) Bi = 3; 3) Bi = 5; 4) Bi = ∞.

Fig. 2. Comparison of the analytical solutions with the numerical solutions by
the ZIM method by the maximum deviation throughout the domain of defini-
tion of the problem: 1) plate; 2) cylinder; 3) sphere.
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Sphere of radius R. In this problem, S ⁄ V = 3 ⁄ R, l = R, Bi > 3. The solution is given in Fig. 3c.
The maximum deviation of the numerical solution (ZIM) from the analytical solution in the absolute value f

for all the three problems is given in Fig. 2. From the analysis of the figures it is seen that the greatest deviation of
the analytical solution from the numerical one takes place for the problem with a plate, and this difference increases
with increasing Biot number but does not exceed 37% also for Bi = ∞. In the other problems (cylinder and sphere)
this dependence is nonlinear for the Biot number. For the cylinder, the maximum difference does not exceed 28%, and
for the sphere, 23%.

The accuracy of approximation of the analytical solution by the numerical one (by the ZIM method) increases
sharply with increasing Fourier number, i.e., time. Figure 2 permits determining the instant of time from which the nu-
merical solution will comply with the preset accuracy.

Calculation of the Average Temperature of a Compound Body. Let the body consist of two homogeneous
parts. Denote by Vi (i = 1, 2) the volumes of the parts and by S the interface area. The whole of the body is heat-
insulated from the environment. At the initial instant of time (τ = 0) the temperature of the parts is equal, respectively,
to t01 and t02.

As in the case of a homogeneous body, integrating (1) over each of the volumes Vi, and over time, from τ
to τ + Δτ, and taking into account (3), we get
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where h1 + h2 is the total average thickness of the perturbed zone on either side of the contact surface. Hence we find
the temperature change in the parts of the body in time Δτ:
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Likewise, we determine the average temperature t
_
i of each part of the compound body at each next instant of time
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Proceed to the dimensionless variables by the formulas ϑ
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Substituting sequentially the known (calculated) temperature on the previous time layer into the formula for determin-
ing the temperature on the next layer, we obtain
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c = 1 − a − b .

In the limit at τ → ∞ (i → ∞), the temperatures of both parts of the body become equal (t
_
∞), which agrees

(proceeding from the determination of the above-introduced dimensionless relative temperature) with the equality
ϑ
__

∞1 + ϑ
__

∞2 = 1. From (15) it follows that ϑ
__

∞1 = a ⁄ (a + b) and ϑ
__

∞2 = b ⁄ (a + b), hence we arr ive at the same equality.
The necessary condition for  such limiting convergence is ⏐c⏐ < 1 or a + b < 2. From this follows the restriction on the
time step

Δτ < 2 
h1 + h2

λ1

ρ1C1
 
⎛
⎜
⎝

S

V1

⎞
⎟
⎠

2

 h1 + 
λ2

ρ2C2
 
⎛
⎜
⎝

S

V2

⎞
⎟
⎠

2

 h2

 . (16)

Since the enthalpy of the whole of the body has not changed, then
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In view of (17) the restriction on the time step (16) can be written in a more compact form
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In view of (17) the formulas for calculating the average integral temperature of the body components by the ZIM
method (14) on the next time layer will take on the final form
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Heat Transfer through the Two-Layer Wall. This problem was chosen for evaluating the ZIM method due
to the fact that: 1) its analytical solution in the stationary case is known and presented in all manuals on heat transfer
(including [3, 4]); 2) both the compound body and the heat exchange with the environment are present simultaneously.

Knowing the temperature distribution across the two-layer wall at stationary heat transfer, let us determine the
average integral temperatures of the layers:
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where α1, α2 are the coefficients of heat transfer with the environment on different sides of the wall; δi, λi are the
thickness and the heat transfer coefficient of the ith layer; tenv1 and tenv2 are the temperatures of the environment on
different sides of the wall.
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here, Bi1 = α1δ1
 ⁄ λ1 and Bi2 = α2δ2

 ⁄ λ2.
According to the proposed method ZIM, the time dependence of the average integral temperature of the wall

layers is defined by the formulas
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Here the second terms in (21) correspond to the temperature change in the layer due to the heat exchange with the
environment (9), the area of the surface of contact with the environment is Si, and the ratio Vi

 ⁄ Si = δi. The third
terms stand for the influence of the heat exchange between the layers (19) through the contact surface with area S, the
ratio Vi

 ⁄ S = δi.
For comparison with the analytical solution (20), we turn to the same dimensionless variables. Then we write
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In the limit at τ → ∞, a stationary regime of heat transfer sets in. The average temperatures of the layer are
found from the solution of the following linear system:

ϑ
__

∞,1 = ϑ
__

∞,1 − a1ϑ
__

∞,1 + b1 (ϑ
__

∞,2 − ϑ
__

∞,1) ,   ϑ
__

∞,2 = ϑ
__

∞,2 + a2 (1 − ϑ
__

∞,2) − b2 (ϑ
__

∞,2 − ϑ
__

∞,1) .

These relative temperatures are equal to

ϑ
__

∞,1 = 
a2b1

a1a2 + a2b1 + a1b2
 = 

δ1

2λ1

δ1

λ1
 + 

δ2

λ2

 ,   ϑ
__

∞,2 = 
a1a2 + a2b1

a1a2 + a2b1 + a1b2
 = 

δ1

λ1
 + 

δ2

2λ2

δ1

λ1
 + 

δ2

λ2

 . (22)

695



To determine the deviation of the numerical solution of the problem by the ZIM method (22) from the ana-
lytical solution (20), we analyzed the functions
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The domain of definition of these functions, as follows from restrictions (11), is Bi1 > 2, Bi2 > 2, λ1δ2 /
λ2δ1 > 0. Dropping the calculation of the partial derivatives of both functions by all arguments and their analysis for
sign constancy, we note that f1 has a maximum value equal to 0.171, and its minimum value is equal to −0.05; the
respective values of f2 are 0.05 and −0.172 (the calculation accuracy was 0.001). This means that throughout the do-
main of definition of the initial problem the maximum deviation of the solution obtained by the ZIM method from the
analytical one does not exceed 17%.

Conclusions. The proposed method ZIM (9), (19) for determining the average integral temperature of a body
of arbitrary shape in different thermal regimes is simple and universal. With modern computational technologies, there
is no need to speak of requirements in memory and count time — they are negligible. In its existing form, the ZIM
method can be used as an engineering method. Its prospects are that it makes it possible to solve problems that require
an optimal solution depending on either the average temperature or the heat flow rate. Seeking the extremum of the
objective function in such problems is connected with a repeated solution of the most direct problem (this is hundreds,
thousands of access). If the exactness of the obtained solution is not suitable, recommendations (approximate solution)
will serve as the starting condition for a more thorough (but also more laborious) investigation.

This work was supported by the Russian Basic Research Foundation, grant No. 06-08-96916.

NOTATION

a, b, c, auxiliary quantities; Bi = αδ ⁄ λ, Biot similarity number; C, specific heat capacity, J ⁄ (kg⋅K); Fo,
Fourier similarity number; f, function of deviation of the analytical solution from the numerical one; h, average thick-
ness of the perturbed zone, m; l, characteristic linear size of the problem, m; n, normal to the surface; q, heat flow
density, W ⁄ m2; R0, thermal impedance of the heat transfer of the wall, m2⋅K ⁄ W; S, surface area of the body, m2; t,
temperature, oC; t

_
, average integral temperature, oC; V, volume of the body, m3; x, y, z, linear coordinates, m; α, co-

efficient of heat exchange with the wall, W ⁄ (m2⋅K); Δt
_
, change in the average temperature of the body in time Δτ, oC;

ΔV, volume of the perturbed zone, m3; ϑ
__

, relative excess average temperature; λ, heat conductivity coefficient,
W ⁄ (m⋅K); ρ, density, kg ⁄ m3; τ, time, sec. Subscripts: env, environment; i, time layer number; 0, initial; 1, 2, part
number of the compound body; ∞, parameters of the stationary regime.

REFERENCES

1. A. V. Luikov, Heat Conduciton Theory [in Russian], Vysshaya Shkola, Moscow (1967).
2. G. M. Kondrat’ev, Regular Thermal Regime [in Russian], GITTL, Moscow (1954).
3. M. A. Mikheev and I. M. Mikheeva, Principles of Heat Transfer [in Russian], E′nergiya, Moscow (1977).
4. K. F. Fokin, Building Heat Engineering of Enclosing Parts of Buildings [in Russian], AVOK-PRESS, Moscow

(2006).

696



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [594.000 792.000]
>> setpagedevice


